CS 237: Probability in Computing

Wayne Snyder
Computer Science Department
Boston University

Lecture 7:

o Review: Permutations Permutations with Duplicates
o Circular Permutations

o Combinations

o Applications of combinatorics to probability

o Poker Probability (analytical results for lab problems in HW 05)



Finite Combinatorics o —

K-Permutations P

If we do not simply rearrange all N objects, but consider selecting K <= N of them,
and arranging these K, we have a K-Permutation indicated by P(IN,K).

Canonical Problem 1(b): Suppose you have N students Sy, S,, ..., S,. In how many
ways can K of them be arranged in a sequence in K chairs?

Formula: K terms

A
[ |

Nx(N—-1Dx-s«(N—K+1D*x(N—-K)*--%x1 _ N!
(N—K) % x1 (N -=K)!

PINK)=N*s(N—-1)*%---x(N—-K+1)=

Example: How many passwords of 8 lower-case letters and digits can be made, if
you are not allowed to repeat a letter or a digit?

Answer: The “not allowed to repeat” means essentially that you are doing this

“without replacement.” So we have P(36,8) = 36! / 28! = 1,220,096,908,800.

Note: The usual formula at the extreme right is extremely inefficient. The first
formula is the most efficient, if not the shortest to write down!

PINE)=N+(N—=D - (N—-K+1):



juence
or String)

Finite Combinatorics e _—

Unordered
Outcome
(Set or Combinations

Multiset)

Example: Departments in CAS are abbreviated by two capital letters. How
many possible department abbreviations are there?



Finite Combinatorics =

Enumerations

Permutations with Repetitions

Combinations

(We will not study this possibility...)

If you have N (non-distinct) elements, consisting of m (distinct) elements with
multiplicities Ky, K,, ..., K, thatis, K;+ K, + ... + K = N, then the number of

distinct permutations of the N elements is

N!
Ki'*« Ky %--K !

Example: How many distinct (different looking) permutations of the word

“MISSISSIPPI” are there?

Solution: There are 11 letters, with multiplicities:

M: 1

I:
S:
P:

ST N N

|
answer 1s 1! = 39,916,800 = 34,650
1! % 4! % 4! % 2! 1 %24 %24 %2

Therefore th

o




Finite Combinatorics

Ordered
Outcome

(Sequence
or String)

Unordered
Outcome

(Set or

Multiset)

Combinations

Example: How many distinct (different looking) permutations of the word

“SCIENCE” are there?



Finite Combinatorics

dddddd

Enumerations

Combinations

(We will not study this possibility...)

Example: How many distinct (different looking) permutations of the word

“SCIENCE” are there?

Solution: There are 7 letters, with multiplicitiies:
S, I, N: 1
C: 2
£:2 70 5040

Therefore the answer is Te2l = 2 = 1260




Finite Combinatorics o —

Unordered
Outcome

Circular Permutations e i st sty i s

Multiset)

A related idea is permutations of elements arranged in a circle. The issue here is that
(by the physical arrangement in a circle) we do not care about the exact position of
each elements, but only “who is next to whom.” Therefore, we have to correct for
the overcounting by dividing by the number of possible rotations around the circle.

Example: There are 6 guests to be seated at a circular table. How many
arrangements of the guests are there?

Hint: The idea here is that if everyone moved to the left one seat, the arrangement
would be the same; it only matters who is sitting next to whom. So we must factor

out the rotations. For N guests, there are N rotations of every permutation.

Solution: There are 6! permutations of the guests, but for any permutation, there are
6 others in which the same guests sit next to the same people, just in different

rotations.
, e
Formula: There are NF = (N -1 g 0
SOOOOO
circular permutations of N distinct objects.



Finite Combinatorics

Application of Enumerations and Permutations

The Birthday Problem: What is the probability that at least two students

in a class of size K have the same birthday? Assume all birthdays are equally
likely throughout the year and each year has 365 days.

Our class has 160 students. What is the probability that two people in the class have
the same birthday?



or String)

Finite Combinatorics .

Unordered

Application of Enumerations and Permutations P E——

(Set or
Multiset)

The Birthday Problem: What is the probability that at least two students
in a class of size K have the same birthday? Assume all birthdays are equally
likely throughout the year and each year has 365 days.

Solution: There are 365 possibilities for each student. Thus, the sample space has
365X points (it is an enumeration!). The number of ways that no two students share

a birthday is P(365,K) (it is a K-permutation).
3 P(365,K)
365%

Using the inverse method, we compute 1.0

For K = 160 (our class), we have

923483242170741261468060855773630511710951672860879039612635830929571820769189916381959164299094748187389419729
192522539351373706564532154571507350568235017762178983253580025542067448269978825634933643093562844373452143204
692160995721962573519429871613869832252166356890403813208191457282155213819484257468978299505087924205316392819
86851880034845589504000000000000000000000000000000000000000

1.0 —

926527497905781952317377003580703434752218152241548997150714167298987753163526782501657508640776458196313089345
134766262787520829798630500379432899224764818111124908758501359607168844819733110104820703965264199504434588173
626903762077626228560877265866158138131756887694130881542045758754842151716302462519583091377488502994412074593
53787370308291649664620512171151465487251019936820739530958235263824462890625

= 0.9999999999999999990032856615069942149324650564029260468722880539
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Finite Combinatorics e [—

Enumerations

Combinations i

When we are selecting without replacement and creating a set, we have a
combination.

Canonical Problem: Suppose you have N people and want to choose a committee of
K people. How many possible choices are there?

How is this different from a K-Permutation? Suppose you have N people; how many
ways of choosing a sequence of K people from these N?

N!
(N — K)!

The difference is between a sequence (K-permutation) and a set (combination), so

P(N,K) =

we have to apply the unordering principle and divide by the number of
permutations of K people, or K!.

Formlﬂ.a: N B P(N, K) B N!
K) K!' — (N-K)!K!



Finite Combinatorics

Ordered
Outcome

Permutations Enumerations

(Sequence
or String)

Unordered
Outcome

(Set or
N ! Multiset)

Combinations
(¥

Example:

N) _PV.K) _

~ (N=K)!K!

Suppose we have 4 students, { A, B, C, D }, and we want to choose a team of 2 for a
hackathon from among these 4. How many ways of doing this are there?

How many sequences of 2 from 4?

How many sets of 2 from 4?

N\ N! __ 4 o4 4
K/ (N-K!K! @=2!121 2x2 4

{A,B}
{AC])
Unordering sequences
{A,D} of 2 students collapses
! =
(B.C} 12 sequences to 12/2!
6 sets.
{B,D}
{C,D}



Finite Combinatorics and Probabilities

Now let’s consider a series of related problems involving
permutations and combinations....

Suppose we have a bag containing 4 green balls and

6 red balls.

(A) Suppose 3 balls are drawn with replacement. What is the probability that you
get the sequence [R, G, R]?

Recall:

with replacement =>
choices independent



Finite Combinatorics and Probabilities

Now let’s consider a series of related problems involving
permutations and combinations....

Suppose we have a bag containing 4 green balls and

6 red balls.

(A) Suppose 3 balls are drawn with replacement. What is the probability that you
get the sequence [R, G, R]?

Solution: Since it with replacement, we have independent choices; we simply
multiply the probabilities at each choice:

6 * 4 * 6 =ﬂ=0.114
10 10 10 1000

Note that ANY sequence of 2 R’s and 1 G will have the same probability!



Finite Combinatorics and Probabilities

Suppose we have a bag containing 4 green balls and

6 red balls.

(B) Suppose 3 balls are drawn without replacement. What is the probability that
you get the sequence [R, G, R]?

Recall:
without replacement =>
choices not independent



Finite Combinatorics and Probabilities

Suppose we have a bag containing 4 green balls and

6 red balls.

(B) Suppose 3 balls are drawn without replacement. What is the probability that
you get the sequence [R, G, R]?

Solution: Since it without replacement, we calculate the (changing) probabilities at
each stage:

Again, note that ANY sequence of 2 R’s and 1 G will have the same probability!



Finite Combinatorics and Probabilities

Suppose we have a bag containing 4 green balls and

6 red balls.

(C) Suppose 3 balls are drawn without replacement. What is the probability that
you getaset { R, G, R J?

(Hint: First consider all the possible sequences....)




Finite Combinatorics and Probabilities

Suppose we have a bag containing 4 green balls and

6 red balls.

(C) Suppose 3 balls are drawn without replacement. What is the probability that
you getaset { R, R, G J?

Solution 1: Adapt the solution to (B) (sequence =>unorder=> set):
there are three possible ways to get a sequence with 2 R’s and 1 Gz

RRG
RGR
GRR

These are disjoint possibilities, so
we can add! Probability of getting any
of these three:

1/6 + 1/6 + 1/6 =3/6 = 0.5



Finite Combinatorics and Probabilities

Suppose we have a bag containing 4 green balls and

6 red balls.

(C) Suppose 3 balls are drawn without replacement. What is the probability that
you getaset { R, R, G J?

(Hint: Forget about sequences entirely, and consider how to do it using
combinations, recalling that

_ 14l

P(a)= N

and think about how to choose the appropriate sets...)



Finite Combinatorics and Probabilities

Suppose we have a bag containing 4 green balls and

6 red balls.

(C) Suppose 3 balls are drawn without replacement. What is the probability that
you get a set { R, R, G }? Letevent A = “you get theset { R, R, G }.”

Solution 2: How many possible ways of choosing a set of 3 from the 10 balls?

10 10!
NE = =120 1Al
(3> (10 — 3)! 3! P(A)= 7o

How many ways of choosing a set of 3 balls with 2 R and 1 G?

Note: These choices are independent, so we can multiply:

B (2) (1) - 6 ()

So, PAA) = =0.5

(5)




Finite Combinatorics and Probabilities

Suppose we have a bag containing 4 green balls and

6 red balls.

(D) Suppose 5 balls are drawn without replacement. What is the probability that
you get 2 Red balls and 3 Green balls?



Finite Combinatorics and Probabilities

Suppose we have a bag containing 4 green balls and

6 red balls.

(D) Suppose 5 balls are drawn without replacement. What is the probability that
you get 2 Red balls and 3 Green balls?

In [3]: from scipy.special import comb
comb(6,2)*comb(4,3)/comb(10,5)

Out[3]: 0.23809523809523808



Finite Combinatorics and Probabilities
Poker Probabilities

Example set of 52 poker playing cards
Suit Acel 2 | 3 | 4 | 5 | 6 | 7 | 8| 9 |10 |Jack|Queen|King

: ia ¢ |ida iaa s ias iss s Y '24‘,3 e Vs S
Clubs E 3 * IR U RS- :*,, 8 - )
$ R R X K K AR N R R O K - ls| || Mg L N
: ¢ L L L AR R L 0.0 10.0 B R "»’0’0 4 v ’\0 Yoe
Diamonds | ¢ . UERIURACIHEICIUP O AP IS SilE* 9! b
¢ L ] - L B L R L R MR B 3 * * 0 0'0,;, . Sl . Ean L B
¢ iy ¥ YY vy vy Y Y :: : "-’:,: v s ‘BN
Hearts v v v v lviw v | vl A g g
o1 & ¢l & AA AN AN A A AT A A A% L » i
2 P8 T8 e 0 e o 06 0 b s e e Y s i e
Spades & . o as a% als 003 3% 8 2 2
¢ v VI P e PN P Ye v e v v, 9 i i

A poker hand is 5 cards (a set) chosen without replacement.

How many possible poker hands?

ST = (552> = 2,598,960



Example set of 52 poker playing cards
5

Poker Probability = =
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Example: What is the probability that you get a hand with 3 red cards and

2 black cards?

(Hint: Construct the hand by calculating how many such hands are possible,
by constructing independent parts of the hand, and multiplying....)



Example set of 52 poker playing cards

oqe Suit Ace 2 3 4 5 6 7 8 9 10 Jack Queen King
Poker Probability e a7 P e e R

-~ - & 4‘0 #‘Q ::
- - LI R N L 1
ool %d|le ol wr|| e o]l wrl|| €% || 35| o3| M) || R =,
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Example: What is the probability that you get a hand with 3 red cards and
2 black cards?

By the way, Wolfram Alpha is the

Solution: way to go when doing these
problems...

26\ (26 % WolframAlpha
(5)(5) — 0.3251

( 5 ) Assuming "C" is a math function | Use as a unit instead

C(26,3)*C(26,2) / C(52,5)|

ut
6
26 [22
[3 [H
5

1625

4998

Decimal approximation:

0.325130052020808323329331732693077230892356942777110844337...



Example set of 52 poker playing cards

oeqe Suit Ace 2 3 4 5 6 7 8 9 10 Jack Queen King
Poker Probability — T R R e ]

Ciubs *: L E: * v :v: EE EE' E’Et :‘3' :':' L2 '35 'E‘r.
N ERREER R
Poker hands are a great example of how to L DL s e wll s all slltallSSIEIR IR R
. °1° ° ° Hearts ' Iy : oA A'm :: :': ::: E'; E:E a§~ - da‘
think about probability involving sets. = TR s T T e T
sPadeS ‘: v :: v 0‘0: ::. :‘:: ::: s‘sz E's:. '§: [ Y '§:
Example: What is the probability that you get a hand with 3 red cards and
2 black cards?
(26) (26)
237327 _ 351

Digression: Notice that you can also calculate this using sequences (52)
and permutations, but it is a bit more complicated, and >
you have more opportunities to get something wrong...

What is the probability of the exact sequence RRRBB?

26 25 24 26 25
* * * *
52 51 50 49 48

= 0.0325
Now unorder it! How many permutations of this sequence of 5 symbols with

duplicates?
5! 120

= = 10
3121 6%2

0.03251 *10 = 0.3251



Example set of 52 poker playing cards
Suit Ace 2 3 4 5 6 7 8 9 10 Jack Queen King
: ags 9 e
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Problem: What is the probability that a five-card hand has at least 3

Diamonds?

Solution: You need to separate this problem into cases, and might as well choose 3,

4, or 5 Diamonds, and for each find the probability and sum:

13\ /39
P( 3 Diamonds ) = ( 3()52()2 ) =0.0815
5

() (3)

P( 4 Diamonds ) = - = 0.0107
(5)
(5)

P( 5 Diamonds ) = ~S 7 —0.0005

(5)

These sum to 0.0928.



Poker Probability

Problem: What is the probability of a Flush
(all the same suit)?

Solution: Choose a suit and then choose 5 cards from

that suit:
(1) (5)

52
5

= 0.00198079

Note: This is the cumulative probability, in that it is a flush,

but includes the straight and royal flushes. If we wish to
exclude them, we must subtract all 40 of them:

H(3) - (K)E6)
(5)

= 0.00196540

Flush (excluding royal flush
and straight flush)

Wzaqz ih B3N 14:“!
Lk 2NN B SN SRR ANE A
i h
v

Straight flush (excluding royal

flush)
vyl live|ve 1v'v
v vV vy
A AN A AN A
iv_ v
v:v
' Y
Royal flush
10 J Q K
os‘s . g‘ . ﬁ. . a
o | v L v ) v

A
.

.

<e



Poker Probability

Problem: What is the probability of a Straight? Assume that Ace can be

below 2 or above King.

Solution: There are 10 sequences which form a straight, so just choose one of the 10
and then suits for each of the 5 cards:

5
A2345 (1) * (1)
= 0.00394
2 3456 (52)
34567 5
4 56 7 8 10 4\ 10\ (4
* —
567 89 () (1)52 (1)) = 0.003925
6 78 910 (5) Straight (excluding royal flush
78 910 J and straight flush)
8 910 JQ (v v e oy
9 10 J Q K DSR2 AR 2
R A IR Y
10 J QK A i




Poker Probability

Diamonds ¢

Problem: What is the probability of a Pair, 3-of-a-Kind, and 4-of-a-Kind?

Solution: First choose the denomination of the 2, 3 or 4 of a kind, then the suits of

those cards, then the remaining cards of different denominations,

again chosing the denomination, then the suits::
3
Pair: (113) (g) (132) (411)
(%)

3-of-a-Kind: (HHE )

(5)

= 0.4226

= 0.0211

13\ 74\ (12\ /4
4-of-a-Kind: ( 1 ) (4) ( L ) (1) = 0.00024

(5)

One pair
5v v |ie 0 i M 1
&) AS v 0; ? ?
Three of a kind
e 9 y | (¢ 0 b
8| 8 6 v ¥
Four of a
v

400



Problem: Suppose in our class we have 160 students with 90 men and 70
women. I want to choose teams for an in-class demo with 5 men, 5 women,
and also a scorekeeper (who can be anyone not on a team, man or woman).
How many ways can I choose the teams and scorekeeper?

Solution: First choose the 5 men from the 90, then the 5 women from the 70, then
one scorekeeper from the 150 people not on teams:

(950) . (750) . (li()) — 79,787,790, 884, 062, 800



Poker Probability Full house

W Ve ¢ |in s ‘e
v ves e
A A o v v &
e
Problem: What is the probability of a Full House ﬁ
(3 of one denomination and 2 of another)? X

Solution: First choose the denomination of the 3, then those 3 suits, then the
denomination of the 2, then those 2 suits:

(DG )G
(5)

= 0.00144

We will consider one more hand, Two Pair, after some consideration of partitions.




Full house

Poker Probability

Question: Why is this not "choose the two
ranks, then the suits for each"? (13) (4) (12) (4)

(2)(4) (3) (5)
(2)

= 0.00144

It's the difference between sequences and sets!

Number of sets of Number of sequences
2 from 13: C(13, 2): of 2 from 13, P(13, 2):

(123> =78 P(13,2) =13 - 12 = 156



Counting Sets: Power Set
The Power Set of a set S is the set of all subsets ( = set of all events ):

P(S) =qr {(AIACS}

the cardinality of Power Set: | P(S)1=2""

This is easy to see if we consider
the enumeration of all sequences
of { T, F } of length |S|, stating
which elements of S are in

the subset:

{ x, v }

X vV Z
T T F

| {T,F} !SI = 2 IS



Counting Sets: Power Set and Combinations

There is of course a strong connection between the power set and
combinations:

C(N, K ) = how many subsets of size K from a set of size N.

S| IS
IP(S)I=2!"=) k)

k=0




Counting Sets: Power Set and Combinations
Problem: A pizza shop claims they serve “more than 1000 kinds of pizza.” You
investigate and find they offer 10 different toppings (including cheese and tomato
sauce among the 10). Is their claim correct? What about if we insist that a pizza

must have cheese and tomato sauce at the very least?

Solution: Technically, yes, if you include all possible combinations of toppings,
including cheese or no cheese and tomato sauce or no tomato sauce:

2" = 1024
But this is a little funny, as it includes the empty set (no toppings, just bare crust!).

If you insist that “pizza” must have cheese and tomato sauce, then we have only

28 =256



Counting Sets: Partitions

A partition of a set S is a set of disjoint subsets which include every member of S:
S=1{1,2,3,4,5,6,7,8,9,10 }

Partitions: { {1, 2,3,4}, {5, 6,7, 8, 9,10} }
{ {1}, {2,4}, {3,6,8}, {5, 7, 9}, {10} }
{ {13, {23, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10} }

Not : {1, 2,3,4}, {5, 6,7, 8, 9} } Doesn’t have the 10!

{
{ 11, 2,3,4, 5}, {5, 6,7,8,9,10} } Not disjoint !



Counting Sets: Partitions
Counting partitions: always a good idea to try some examples first ...

Problem. Suppose we have five students { A, B, C, D, E }

We want to divide them into two teams of 3 and 2 people each. How many ways can
we do this?

5 —
Team of 3 Team of 2 3) 10
ABC DE
ABD CE Note: Once we have chosen the
ABE CD team of 3, the other team is
ACD BE determined!
ACE BD
ADE B C For each one of these, there is
BCD BE only one set of 3 and set of 2, e.g.,
BCE AD
BDE AC {{A,B,C}, {D,E} }

CDE AB



Counting Sets: Partitions

Now let’s try 2 teams of 2:
Problem. Suppose we have four students { A, B, C, D }

We want to divide them into two teams of 2 people each. How many ways can we

do this? Is it this?
4
()¢
2

Team of 2 Team of 2
AB CD
AC BD
AD B C
B C AD
BD AC

CD AB



Counting Sets: Partitions
Now let’s try 2 teams of 2:
Problem. Suppose we have four students { A, B, C, D }

We want to divide them into two teams of 2 people each. How many ways can we
do this?

4
(2) =6 Not correct! We have overcounted by a
factor of 2.

Team of 2 Team of 2 As sets, these are the same way of
building a partition:
AB CD ——
AC B D .
A B D :
AD BC {{AB}, {C,D}} issame set of sets as
B C AD
C,D}, {A,B
BC AL [C,D}, {A,B})
CD AB —

Same WAY of dividing into 2

teams!



Counting Sets: Partitions
Now let’s try 3 teams of 2:

Problem. Suppose we have six students { A, B, C, D, E, F }

We want to divide them into 3 teams of 2 people each. How many ways can we do

this? 6\ /4
( )( ):15*6=90
2)\2 Note: Once we have chosen the
first 2 teams of 2, the last team is
Team of 2 Team of 2 Team of 2 determined!
AB CD EF All these “ways” of dividing into 3
/ teams of equal size are the same!
AB EF CD
D AR BT Overcm.mting by P(3,3) = 3!, correct
answer is:
CD EF AB
6\ (4
- (2) (2) _ 9% 15
EF AB CD 316
EF CD AB_] The Unordering Principle strikes

again!



Counting Sets: Partitions
Problem. Suppose we have 15 students and want to divide them into
2 teams of 3,

4 teams of 2, and
a single student who will be referee.

How many ways of doing this are there?

Solution: Use multi-nomial coefficients to remove the duplicates among teams you
can’t distinguish by size:

(5)(5) ) (E)G) () _ 2,270,268,000
21 % 41 48

= 47,297,250



Counting Sets: Partitions

Now suppose we distinguish the teams by NAME.

Problem. Suppose we have four students { A, B, C, D }

We want to divide them into two teams of 2 people each called ” Attackers” and
“Defenders.” How many ways can we do this?

Attackers

AB
AC
AD
BC
BD
CD

4
=6
(2)
Defenders

CD
BD
BC
AD
AC
AB

Now there is no overcounting!
Switching attackers and defenders
gives you a different way.

There are no duplicate ways.

This may seem obscure, but think
about experiments involving a
"test group" (who take a new
drug) and a "control group" (who
take a placebo). Switching the

groups makes a difference!



Counting Sets: Partitions

Problem. Suppose we have 15 students and want to divide them into

-- 2 teams of 3, named “MIT Attackers” and “Harvard Attackers”
-- 4 teams of 2, all defenders (all unnamed); and
-- a single student who will be referee.

How many ways of doing this are there?

Solution: Use multinomial coetficients to remove the duplicates among teams you
can’t distinguish by size or name:

(5)(5) () (2)G) () _ 2.270,268,000

= 94,594,500
4! 24



Poker Probability -- One Last Time: 3

A e e sYY
. . . v L 4 & & VY
Problem: What is the probability of T'wo Pair IR A
(2 of one denomination and 2 of different I )
denominations)? 'g .
Solution: First choose the denomination of the first pair, then those 2 suits, then the
denomination of the second pair, then those 2 suits, then the remaining card:
(13 4\ (12\ (4\ (11)\ /4
1/\2/\1/\2/\1/\1
= 0.09508
(5)
5
But wait.... This doesn’t correspond to the web page OR our experiments, which
seem to suggest it is too high by a factor of 2. What is wrong?
Problem 5 (C): What is probability of Two Pairs in Poker? Two pair
In [98]: # probability should be close to analytical value of 0.047539 ‘3 v e i v e
v ¢+ S H VY
seed(0) Al ¢ v wa a 858 123,552 4.7539%
num_trials = 10%*5 K

print('Probability of two pairs in poker is ' + str(probability of
.
p. !

Probability of two pairs in poker is 0.04618



Poker Probability One Last Time: e
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Just another example of you-know-what, in this case, g8
overcounting the two pairs: 'g .
.|

2D 2H 3C 3D 5S

Same problem as: you

3C 3D 2D 2H 5S have 52 students, and
want to select 2 teams
These are the same hand, but would be counted twice! of 2, plus a referee.

So we could divide by 2! to get the right number: 13 /a8 /108 1an /1IN 1a
(1) GGG

2 (552)

= 0.04754

OR we could choose a set of 2 ranks

to get the two pairs: (13) (421)2 (44)




